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Aufgabe 1:
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~∇× (~∇× ~U) = ~eiǫijk∂jǫklm∂lUm = ~ei(δilδjm∂j∂lUm − δimδjl∂j∂lUm)

= ~ei(∂j∂iUj − ∂j∂jUi) = ~∇(~∇ · ~U) − ∆~U

~∇× (Φ~U) = ǫijk∂jΦUk

ǫijkΦ∂jUk + ǫijkUk∂jΦ = Φ(~∇× ~U) + (~∇Φ) × ~U

2.
div ~U = div ~V = 0, rot ~U = rot ~V = 0

div(~U × ~V ) = ∂iǫijkUjVk = ǫijk(∂iUj)Vk + ǫijkUj(∂iVk) = 0
(

rot(~U × ~V )
)

i
= ǫijk∂jǫklmUlVm

= (δilδjm − δimδjl)∂jUlVm = ∂mUiVm − ∂jUjVi

= Vm(∂mUi) + 0 − Uj(∂jVi) − 0 =
(

(~V · ~∇)~U − (~U · ~∇)~V
)

i

3.
div ~A1 = 0 , rot ~A1 = (0, 0, 2)

div ~A2 = 0 , rot ~A2 = (0, 0, 0)
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rot ~A3 = rotΦ~r = Φ(rot~r) + grad Φ × ~r
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~A1
~A2 ~A3

Aufgabe 2:

a)

δ(ax) =
1

|a|
δ(x)

Bew.:
y := ax

Betrag, weil sich im negativen Fall die Integrationsgrenzen umdrehen.

∫
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f(x)δ(ax) =
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∞
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f(
y

a
)δ(y)

1

|a|
dy

=
f(0)
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1
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f(x)δ(x)dx

b)

δ(f(x)) =

N
∑

i=1

δ(x − xi)

|df
dx

(xi)|
, mit f(x) = 0 ∀x = x1, . . . , xN

Außerdem sei f ′(x) 6= 0 ∀x = x1, . . . , xN .
Bew.: An den Nullstellen ist die Funktion lokal approximierbar mit f(x + a) = f(x) + f ′(x)a.

c)
∫

∞

−∞

dx f(x)
dδ(x)

dx

= [f(x)δ(x)] −

∫

f ′(x)δ(x)dx = f ′(0)

Aufgabe 3:

a)
~A(~r) = ~r ⇒ div A = 3

Wuerfel:
∫

(F )

~A(~r) · d~o = 3abc
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Kugel:

= 3
4

3
πr3 = 4πr3

Torus:
= 3πr22Rπ = 6π2Rr2

b)
~r(r, ϕ) = (r cos ϕ, r sin ϕ) 0 ≤ r ≤ R

rot ~A =
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−x2do =
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∫ R

0
−r2 cos2 ϕrdrdϕ = −
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∫ 2π

0
cos2 ϕdϕ = −
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4
π

∫

cos2 ϕdϕ = sinϕ cos ϕ +

∫

sin2 ϕdϕ

⇒ 2

∫

cos2 ϕdϕ = sin ϕ cos ϕ + ϕ

d~r

dϕ
= (−R sin ϕ,R cos ϕ, 0)

~A(ϕ) = (R3 cos2 ϕ sin ϕ, 0, 0)

∫
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 ·
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 dϕ = −R4

∫ 2π

0
cos2 ϕ sin2 ϕdϕ = −R4 π
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