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Warning: This problem sheet is a lecture in disguise. We will treat here some details on the β-function
of Yang-Mills Theories. It is therefore highly recommended that you attend this special tutorial on
7th February at 17:00h s.t. in SR 02.729 (Theory III) even if you do usually not attend. Next
day’s lecture will draw from the results of this tutorial.

1. The running β-function of QCD: We construct the scale-dependence of the renormalised
coupling constant gR(µ) := gR µǫ from the renormalisation constants of non-Abelian gauge
theories with gauge group SU(N) and NF quark flavours, in the MS -scheme of dimensional
regularisation (ǫ = 2− d

2 in d space-time dimensions) and in the Lorentz gauge family with gauge
parameter α to lowest non-trivial order in gR. All relevant one-loop diagrams were discussed in
tutorial IV.

The quark self-energy diagram was calculated in the lecture for α = 1, m = 0 and gives rise
to the wave-function renormalisation constant Zq for the quarks. The quark-loop contribution
to the total gluonic vacuum-polarisation and wave-function renormalisation ZA was the topic of
the last tutorial. The quark-gluon vertex renormalisation constant ZqqA is a longer story. One
finds (see e.g. Ryder, Chap. 9.8):
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a) Calculate the coupling-constant renormalisation Zg of the bare coupling g to lowest order in
the renormalised coupling gR, cf. lecture, Sect. 1.d):

Zg =
g

gRµǫ
=

ZqqA

Zq Z
1/2
A

=
ZAAA

Z
3/2
A

=
Z

1/2
AAAA

ZA
=

Zωω̄A

Zω Z
1/2
A

= 1 −
g2
R

(4π)2
11N − 2NF

6

1

ǫ

b) Since the bare coupling g is independent of the subtraction constant µ, derive the dependence
of the renormalised coupling gR(µ) := gR µǫ on µ to lowest order, namely the function (result
after limit ǫ → 0):
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c) Solve the corresponding renormalisation group equation for the strong fine-structure constant
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d) Finally, we replace the µ-dependence by dimensional transmutation with
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e) A host of experiments give αs(Q
2 = M2

Z) = 0.118± 0.002, MZ = 91.19 GeV. Calculate ΛQCD

in the MS -scheme at this order. What should you pick for the number NF of quark flavours?
Reconcile your finding with the general notion that ΛQCD ≈ 200 MeV. Sketch αs(Q

2) between
e.g. 0.2 and 100 GeV. Watch out for the different number of active quarks as the scale changes.
Does QCD predict its own breakdown? Compare to theories which are not asymptotically free,
like QED.


